Abstract An approximate solution of the position-dependent mass Dirac equation with the Hulthén potential is obtained in D-dimensions within frame work of an exponential approximation of the centrifugal term. The relativistic energy spectrum is worked out using direct transformation method; the two-component spinor wavefunctions are obtained in terms of the Jacobi polynomials. Dependence of the energy levels on some parameters is discussed. The results obtained are in good agreement with previous works.
Introduction
The relativistic Dirac equation plays an important role in the understanding of many quantum mechanical problems. The equation which describe the motion of a spin-1 2 particle has been solved with various physical potentials. For instance, the solutions of the Dirac equation with the Coulomb potential have been obtained in 1D [1, 2] , 2D [3] and 3D [4] [5] [6] . Also, the qualitative properties of the Dirac particle in a central potential and the discrete eigenvalues of the radial Dirac operator have been discussed [7, 8] . However, with the intreest in the higher dimensional field theory, the multidimensional relativistic and non-relaivistic equations have been studied by many authors. To mention a few, the D-dimensional Schrödinger has been studied with the Coulomb potential [9] , pseudoharmonic potential [10] , Hulthén potential [11] and Pöschl-Teller potential [12] . Also, various potentials have been studied with both the D-dimensional klein-Gordon [13] [14] [15] [16] and Dirac [17] [18] [19] [20] equations.
Moreover, the Hulthén potential is one of the important short-range potentials which behaves like a Coulomb potential for small values of r and decreases exponentially for large values of r. The Hulthén potential has received extensive study in both relativistic and non-relativistic quantum mechanics [11, 13-16, 21, 22] . Unfortunately, quantum mechanical
where E nκ is the relativistic energy, {α j } andβ are Dirac matrices, which satisfy anticommutation relationsα jαk +α kαj = 2δ jk 1
and
The orbital angular momentum operators L jk , the spinor opertaors S jk and the total angular momentum operators J jk can be defined as follows:
For a spherically symmetric potential, total angular momentum operator J jk and the spinorbit operatorK = −β(J 2 − L 2 − S 2 + (D − 1)/2) commutate with the Dirac Hamiltonian. For a given total angular momentum j, the eigenvalues ofK are κ = ±(j + (D − 2)/2); κ = −(j + (D − 2)/2) for aligned spin j = ℓ + 1 2 and κ = (j + (D − 2)/2) for unaligned spin j = ℓ − 1 2 . Also, since V (r) is spherically symmetric, the symmetry group of the system is SO(D) group.
Thus, we can introduce the hyperspherical coordinates [32] [33] [34] [35] 
where the volume element of the configuration space is given as
, such that the spinor wavefunctions can be classified according to the hyperradial quantum number n r and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation
where F nrκ (r) and G nrκ (r) are the radial wave function of the upper-and the lower-spinor components respectively, Y ℓ jm (Ω D ) and Yl jm (Ω D ) are the hyperspherical harmonic functions coupled with the total angular momentum j. The orbital and the pseudo-orbital angular momentum quantum numbers for spin symmetry ℓ and and pseudospin symmetryl refer to the upper-and lower-component respectively.
Substituting Eq. (7) into Eq. (1), and seperating the variables we obtain the following coupled radial Dirac equation for the spinor components:
where κ = ±(2ℓ + D − 1)/2. Further details of the derivation can be obtain from refs [36] [37] [38] . Using Eq. (8) as the upper component and substituting into Eq. (9), we obtain the follwoing second order differential equations
(11) We note that the energy eigenvalues in these equation depend on the angular momentum quantum number ℓ and dimension D. However, to solve these equations, we shall use an approximation for the centrifugal barrier as discussed in the following section.
Bound states of the Dirac-Hulthén problem in D-dimension
We start this section by defining the Hulthén potential as follows [11, 13, 14, 21, 22] V (r) = −Zα e −αr 1 − e −αr (12) where α is the screening parameter and Z is a constant which is identified with the atomic number when the potential is used for atomic phenomenon. To solve Eq. (10), we first eliminate the last term by equating dµ(r) dr − dV (r) dr = 0, which gives the mass function
where µ 0 is the intergation constant, and approximate the centrifugal term as follows [11, 26] 1
Substituting Eqs. (12), (13) and (14) into Eq. (10) we have
Taking the transformation s = e −αr , Eq. (15) becomes
where
If we seek the solution of the form
then Eq. (16) becomes
One can choose δ 2 − δ − κ(κ + 1) = 0, i.e δ = κ + 1 (the positive root), such that Eq. (19) becomes
Eq. (20) is the well-known hypergeometric equation whose solution is given in form of the hypergeometric function [39]
However, for large value of s, the solution in (20) diverges, thus preventing normalization. To avoid this, we set
from which, with the help of Eq. (17) we have the energy eigenvalues
where η = (n r + |κ| + 1) 2 + Z 2 . To check the validity of the energy spectrum, we take the limit as α → 0 of Eq. (23) and this yields
which is the energy spectrum of the Coulomb-like potential in D-dimensions [17, 36] . Evidently, this follows from the fact that lim α→0 V (r) = − Z r . Thus the unnormalized wavefunction for the upper-component can be written as
Using the relation using the following definition of the Jacobi polynomial [39]
we arrive at
where C nrκ is the normalization constant. Moreover, substituting Eq. (27) into Eq. (8), one can easily obtain the lower-component as
with B nrκ a constant.
4 Dependence of the relativistic Hulthén spectra on some parameters 4.1 Case 1: Dependence of E n on α
Recently, it was reported in [11] that the non-relativistic energy spectrum of the Hulthén potential intersect for some adjacent dimensions D(≥ 3), for some values of the screening parameter α i . Thus signifying a degeneracy (with respect to the dimension) in the energy spectrum of the non-relativistic Hulthén potential. In this section, we investigate if such degeneracy also occur in the relativistic energy spectums of the Hulthén potential. We start with the Klein-Gordon-Hulthén energy spectrum for equal vector and scalar potentials, which is given as [11, 13, 14 ]
where n r is the radial quantum number, µ is the mass and
Moreover, if we set Z = µ = 1, and define a principal quantum number n = n r + ℓ + 1, the energy eqution (30) takes the simple form (with the choice of a negative root)
Similar to result of [11] , the curve of E Kn against α (Figure 1 ) reveals the intersection of the energy levels for some adjacent dimensions. Thus indicating degeneracy (with respect to the dimensions) in the energy levels. We now consider the case of the Dirac-Hulthén spectrum. If we introduce a principal quantum number n = n r + |κ| + 1, the energy equation (23) can be written (Z = µ 0 = 1) in the form
where ρ 2 = (n + (D − 1)/2) 2 . In figure 2 , the cuvres of E Dn agaisnt α reveals that the Dirac-Hulthén spectrums are more evenly distributed with respect to the spatial dimensions; moreover, energy levels at higher exited states, tend to be bounded within [-1, 0]. Moreover, for large α, the energy eigenvalues (30) and (33) 
Case 2 : Dependence of E n on D
To investigate the dependence of the relativistic Hulthén energies on the dimension, we follow a recent study [40, 41] where the property of continuous dimension is used in studing the bound states of a quantum system with special potential. Thus, we assume the dimension D is continuous and plot some curves of E n against α as shown in figures 3 and 4 for the cases of Klein-Gordon and Dirac spectrum respectively.
It is interesting to note that the set of points in figure 3 indicates that the Klein-GordonHulthén energy preserves its discrete nature regardless of the the nature of D and the value of α. This is evident from the fact that in Eq. (32), if α is sufficiently small and D is sufficiently large, the energy E Kn tends to -4, thus becoming independent of D for any given value of n. On the other hand, figure 4 reveals that the Dirac-Hulthén spectrum decreases and converges to a point with increase in the dimension and also for large α, there is a posssiblity of degenerate energy with respect to n.
Concluding remarks
We have studied the D-dimensional Dirac equation with the Hulthén potential within the frame work of an exponential approximation of the centrifugal term and position-dependent mass. The approximate eigenvalues obtained were found to be in good agreement with previous works [17] ; the eigenfunctions are also obtained in form of the Jacobi polynomials. The dependence of the energy spectrum on the screening parameter α and dimensions D were studied for both the D-dimensional Klein-Gordon-and the Dirac-equations with the Hulthén potential. We note that similar to the non-relativistic case, the Klein-Gordon-Hulthén energy levels for some adjacent dimensions intersect at some values of α, thus resulting into a degeneracy of energy eigenvalues with respect to the dimensions. However, the Dirac-Hulthén spectrums are more evenly distributed with respect to α and D. Finally, we observed that because of the non-linear terms in the energy equations (32) and (33) , not all values of α yield a real eigenvalues for a given quantum state. 
